Math 256 Differential Equations - Theorems and Definitions

Notation: First we describe the notation used below. Let R denote the set of real numbers
and C denote the set of complex numbers. Read € as ”is an element of”’. For instance, the
statement ”2 is a real number” can be written 2 € R. Every time an ”4” appears it should be
interpreted as /—1, the imaginary number. Let f, denote the partial derivative df/0z and y(™

denote the n-th derivative of y. Also ¢y, ¢y will always denote constants.

Differential Equation: A differential equation is an equation involving the derivative of one
or more functions.

Linear Differential Equation: A linear differential equation is a differential equation of the

form

m m—1

d™y d""ty
ao(t) o+ an(t) oy + o an(t)y = g(0)-

In other words, if you can’t put the differential equation in this form, then it is a nonlinear
differential equation.

Initial Value Problem (IVP): An initial value problem is a differential equation along with
initial values of the unknown function.

Separation of Variables: Suppose that we are given a differential equation that we can write

in the form % = f(x)g(y). Then % = f(z)dz, so [ % = [ f(z)dx.

Integrating Factors: Suppose that y' + p(t)y = g(t). Let
plt) = el PO,

Then

Existence and Uniqueness Theorem for First Order Linear Differential Equations:
If the functions p and g are continuous on an open interval I = («, ) containing the point ¢,
then there exists a unique function y = ¢(t) that satisfies the IVP ¢/ + p(t)y = g(t), y(to) = yo-



Existence and Uniqueness Theorem for First Order Nonlinear Differential Equa-
tions:  Suppose that the function f(t,y) is continuous in some rectangle R : a < t < f3,
v < y < J containing the point (g, yp). Then, in some interval I : tg — h <t < tg+ h contained
in @ <t < f3, there exists a solution y = p(t) of the IVP ¢/ = f(t, ), y(to) = yo. If, in addition,
0f /0y is continuous on R, then there is a unique solution to the above IVP some interval on
the interval 1.

Exact Equations: Let M, N, M,, and N, be continuous in the rectangular region R:
a<z<pf,vy<y<9d. Then
M(z,y) + N(z,y)y" =0

is an exact differential equation in R if and only if M,(z,y) = Ny(x,y). Then there exists a
function ¥(z,y) such that

‘I’x(%y) :M<xay)7 \I’y(I,y) :N(xay)

and the solution to the differential equation is ¥(xz,y) = ¢. Then

U(z,y) = /M(w,y) dz + h(y),

where h(y) is a function such that

W(y) = Na.y) - (,f; [ [y dx] |

Euler’s Method: FEuler’s method can be used to approximate solutions to the IVP CC%’ =
flt,y), y(to) = yo. Then yp+1 = yn + f(tn, yn)(tns1 — tn) for n = 0,1,2,.... In other words
Yn = Y(tn).

Picard Iteration: Suppose that y' = f(¢,y) and y(0) = 0. Let ¢o(t) = 0. Then Picard’s
Iteration is

‘anrl / f S, ‘pn

Under certain conditions on f, limy, .o ¢n(t) = y(t), where y(¢) is the solution to the given IVP.
Euler’s Equation: We have e’ = e*(cos(u) + i sin(u)).

Wronskian: We denote the Wronskian of y; and y2 by W (y1,y2). Then

yi(t) y2(t)]> ! /
W (v, — det — 11 (D) (t) — ya (DY (D).
() = et (240 201 ) — 054000~ o0
If W(y1,y2)(t) # 0 for some ¢, then y; and yy are linearly independent. Otherwise (Wronskian
is always zero) they are linearly dependent. Also, if there exists a constant k such that ky;(t) =
ya(t) for all ¢, then y; and y, are linearly dependent.



General Solutions to Homogeneous Equations with Constant Coefficients: Solve
ay” + by +cy =0. Let C(r) = ar? +br + ¢ = a(r —r1)(r — r2). Then the general solution is

ri,72 € R and 1 # 7o y(t) = cre™t + coe™!
r1,70 € R and 71 = 19 y(t) = cre™t + cote™?
ri,7o € Cand r1 = A+ ip,ro = A —ip y(t) = cre™ cos(ut) 4 coe sin(put).

Particular Solutions to Nonhomogeneous Equations; Method of Undetermined Co-
efficients(1): Let L[y] = ay” + by’ + cy = q(z)e’® with deg(q) =n and C(r) = ar? + br +c =
a(r —r1)(r — rg). Then p(x)e’™ is a particular solution, where

p(x) = Ag+ A1z + -+ + Apa™ if C(y) #0
p(z) = Aoz + Arz? + -+ Ao tlif C(y)=0,0"(y) #0
p(z) = Agz? + Ay + -+ + Azt if C(y)=C'(y) =0.

Then we have that ap”(x) + C'(v)p'(z) + C(y)p(x) = q(x). We use the previous equation to
solve for Ag, A1, ..., A,. Note that this works even when the roots of C'(r) are complex.

Particular Solutions to Nonhomogeneous Equations; Method of Undetermined Co-
efficients(2): Let L[y] = ay” + by + cy = q(x)e’ T (x) where T(z) = cos(uz) or sin(uz) and
C(r)y=ar’+br+c=a(r—r)(r—ry). Let v = X\ + pi and

p(x) = Ao+ A1z + - + Apa™ if C(y)#0
p(x) = Aoz + Ayz® + -+ Apa™ T if C(y)=0,C"(v) #0
p(r) = Agz? + Ay + -+ A a2 if C(y)=C'(y) =0,

where the coefficients of p satisfy ap”(z) + C'(v)p'(x) + C(v)p(z) = q(z). If T(z) = cos(ux),
then a particular solution to Lly] = ¢(x)e**T () is y,(t) = Re[p(x)e?®]. If T(x) = sin(uzx), then
a particular solution to L[y] = q(z)e’T(z) is y,(t) = Im[p(z)e?*].

Particular Solutions to Homogeneous Equations; Variation of Parameters: Let I be
an interval such that p(t), ¢(t), and g(t) are continuous. Let L[y] = v + p(t)y' + q(t)y = g(¢)
and let y;(¢) and ya(t) be linearly independent solutions to the homogeneous equation L[y] = 0.
Then a particular solution to the nonhomogeneous equation L[y] = g(t) is

t t

ya(s)g(s)

y1(s)g(s) s
1o W(yt,y2)(s)

Y(t) = —y(t) to Wy, y2)(s)

ds + y2(t)

where ty € 1.

General Solutions to Nonhomogeneous Equations: Let L[y] be a linear second order
differential equation. Suppose that y; and o are linearly independent solutions to the ho-
mogeneous equation and y, is a particular solution to the nonhomogeneous equation. Then
y(t) = c1y1(t) + c2y2(t) + yp(t) is the general solution to the nonhomogeneous equation.



Euler Equations: Let L[y] = 2%y +azy' + By =0forz >0and F(r) =7+ (a—1)r+ 3 =
(r —71)(r —ra2). Then the general solution is

ri,ro € R and 11 # ro y(t) = 1™ + cox™
ri,79 € R and r1 = ry y(t) = (c1 + colnz)x™
ri,r2 € Cand ry = A +ip,ro = X —ip y(t) = c12” cos(pInz) + oz’ sin(pIn )

for x > 0. To find particular solutions to nonhomogeneous Euler equations use the method of
variation of parameters.

Mechanical Vibrations: Let m = mass, v = damping coefficient, and k = spring constant.

Undamped Free Vibrations: Let mu” + ku = 0. Then
u(t) = Acos(wot) + Bsin(wot) = Rcos(wot — 6),

where w? = k/m, R = /A2 + B2, and § = arctan(B/A). Then wy is the natural frequency, R is
the amplitude, and § is the phase.

Damped Free Vibrations: Let mu” + yu' + ku = 0. Let 6 and R be as above and
w=Y——" 4];:2_72. Then C(r) = mr? +yr +k=m(r —r1)(r — r2) and
u(t) = Ae™t + Be™! if v2 —4km >0 (overdamped)

u(t) = (A + Bt)e /2 if 2 —4km =0 (critical damping)
u(t) = e /2" Rcos(ut — 8) if v> —4km <0 (underdamped).

We call i the quasi frequency and T = 27” the quasi period.

Laplace Transform: The Laplace transform of a function f is given by

LU} = F(s) = /0 T et (t) dr.

Note that L{af(t) + bg(t)} = aL{f(t)} + bL{g(t)} i.e. L is linear.

Theorem 6.2.1: Suppose that f is continuous and f’ is piecewise continuous on any interval
0 <t < A. Suppose further that there exists constants K,a, M such that |f(t)| < Ke* for
t > M. Then L{f'(t)} exists for s > a, and moreover

L{f'(1)} = sL{f (1)} = £(0).

Theorem 6.2.2: Suppose that the functions f, f/,..., f(®*1) are continuous and that f( is
piecewise continuous on any interval 0 < ¢t < A. Suppose further that there exists constants



K,a, M such that |f(t)] < Ke®, |f'(t)] < Ke®,...,|f" V()| < Ke® for t > M. Then
L{fM ()} exists for s > a and is given by

LM (@)} = s"L{f ()} — s"TLF(0) — s 2f(0) — -+ — sfD(0) — £ 1(0).

Solve Differential Equations with the Laplace Transform: Below is a partial list of
Laplace and inverse Laplace transforms of some elementary functions. See the table on page
319 of your book for a more complete list.

f(t) = £7HF(s)} F(s) - L{f(®)}
1 -, §>0
s
1
et , S§>a
s—a
n n!
t W’ s>0
sin(at) ﬁ, 5s>0
cos(at) Wsaz’ 5s>0
e_CS
elt )
uc(t) . 5>0

Heaviside Function: The Heaviside function is given by

0, t<eg,

ue(t) = { c>0.

1, t>c,

Theorem 6.3.1: If F(s) = L{f(t)} exists for s > a > 0 and if ¢ > 0, then
L{uc®)f(t— )} = e “L{B)}) = e F(s)
for s > a. Conversely, if f(t) = L71{F(s)}, then

we(t)f(t - ¢) = L7{e " F(s)}.

Theorem 6.3.2: If F(s) = L{f(t)} exists for s > a >0, and if ¢ € R, then
L{e“f(t)} = F(s —c),
for s > a + c. Conversely, if f(t) = L7{F(s)}, then

el f(t) = LTHF(s —¢)}.



Convolutions: The convolution of f and g is given by
t
frgt)= [ £t gl dr
0

Note that fxg =g f, fx(g1+92) = fxg1+ [*g2, (f+xg)xh = fx(gxh), and fx0=0xf =0.

Theorem: If F'(s) = L{f(t)} and G(s) = L{g(t)} both exist for s > a > 0, then

H(s) = F(s)G(s) = L{f ()} L{g(0)} = L{f * g()} s > a.

The above contains notes on about everything covered this term except for direction fields
(section 1.1) and modeling (section 2.3).



